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Abstract 
A semi-analytical model for simulating injection of an immiscible fluid into a water-filled reservoir is developed 
which approximates the effects of horizontal injection wells, impermeable fault segments, and permeability 
anisotropy on phase saturation and fluid pressure.  The modeling approach is based upon (1) an analytic element 
model for single-phase flow associated with specified flux, specified pressure, and impermeable line-segment 
elements within a reservoir of uniform thickness and porosity, (2) an analytical solution to the one-dimensional 
Buckley-Leverett equation for immiscible displacement of one fluid by another in porous media, subject to relative 
permeability functions dependent on fluid saturation, and (3) mapping of the Buckley-Leverett solution onto the two-
dimensional flow field using particle tracking.  Correction of the computed single-phase pressure distribution behind 
the fluid displacement front for two-phase flow is accomplished using a heuristic model.  Application of the model to 
a proposed geological CO2 storage system , characterized by an injection zone that is proximally cut by extensions of 
a regional fault system, include assessments of the impact of permeability, anisotropy, and other reservoir 
characteristics on fluid pressure distributions (and, by extension, the potential for induced seismicity resulting from a 
reduction in effective stress). 
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1. Introduction 
Multiphase flow through porous media encompasses a range of phenomena, including partially-
miscible displacement of one fluid phase by another, capillary forces, mechanical deformation, inter-
phase dissolution, and reactive chemistry involving the solid matrix.  High-fidelity simulation of a full 
suite of processes requires complex, coupled numerical models which are demanding in terms of both 
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computational burden and input data requirements [1].  However, the distributions of key parameters such 
as permeability are often poorly resolved at the aquifer or reservoir scale.  Therefore, it may be expedient 
in many instances to employ more simplified but highly computationally efficient screening models which 
approximate saturation and pressure distributions to a level which may suffice for practical engineering 
applications. 
The simplest conceptual model for multiphase flow is immiscible fluid displacement in the absence of 
capillary pressure, as described by the Buckley-Leverett equation [2]: 
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where S is fluid saturation,  the porosity, A the cross sectional area, and f the fluid flow fraction of a non-
aqueous phase displacing water, 
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The parameters kr,w, kr,na, w, and na correspond to the relative permeabilities and viscosities of the 
water and non-aqueous phases, respectively.  Equation (1) can be solved analytically for the limiting one-
dimensional case when capillary forces are neglected, although a variety of solutions for less restrictive 
assumptions have been developed [3-9]. 
In this study, a screening tool for CO2 storage problems is developed which maps the Buckley-Leverett 
solution, via particle tracking, to a fluid flow field determined by an analytic element model.  A set of 
heuristic rules are used to adjust fluid pressures as a result of changing fluid saturations.  The analytic 
element approach allows the effects of simple flow heterogeneities to be addressed through the use of 
integrated line sources and doublets to represent horizontal injectors and impermeable faults.  Simplifying 
assumptions include a two-dimensional reservoir of uniform thickness and anisotropic permeability, a 
leaky confining layer or cap rock, and steady-state, incompressible, fixed-viscosity fluid injection or 
withdrawal.  Buoyancy and capillary forces are neglected [10]. 
2. Model Development 
2.1. Flow model 
The analytic element concept for simulating flow in porous media bridges gaps in both model 
complexity and simulation capability between simple analytical models and numerical simulators [11-12].  
Analytic elements representing lines sources, sinks, and other flow-controlling features are discretized, as 
opposed to the discretization of the entire flow domain for numerical finite difference or finite element 
models.  In this current study, we employ a modified analytic element methodology which allows for a 
leaky confining layer, based on the superposition of pressure-influencing terms.  A basic element is a 
single point source, for which the impact on reservoir fluid pressure is given by De Glee 1930; 1951 [13-
14]: 
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where Q is the volumetric injection rate, kx the reservoir permeability along the principal coordinate axis, 
kc the cap rock permeability,  the fluid viscosity, b the reservoir thickness, bc the cap rock thickness, x 
and y are the distances along the respective axes between the element location and the monitor point, 
and p = kx/ky [15].  The function K0 corresponds to the modified Bessel function of the second kind and 
zero order.  Numerical integration using Gaussian quadrature or similar scheme along a line segment 
within the reservoir yields an expression for the pressure impact of a horizontal injection well [16]. 
A second type of finite-length element is a flow doublet, which serves as a basis for quantifying flow 
around low-permeability features such as fault segments within the reservoir.  The flow field associated 
with a hypothetical point doublet is proportional to cos /r, where  refers to the angle formed between 
the element, the monitoring point, and the x-axis.  For a finite-length element extending from x = x0 to x = 
xf, 
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Pressure gradients and hence fluid velocities corresponding to Equations 3 and 4 are given by the 
derivatives of these equations with respect to x and y.  The reservoir fluid pressure and fluid velocity 
distributions are then calculated by superimposing the perturbations associated with each element through 
a combination of analytical and numerical integration.  For problems with initially unknown fluxes (e.g, 
doublet line elements, fixed-pressure injectors), pressure or velocity constraints are employed to allow 
fluxes to be quantified using simple linear algebra. 
2.2 Buckley-Leverett Solution 
Equation 1 may be solved via substitution and integration for the position of the CO2 front as a 
function of saturation: 
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df/dS can be quantified either analytically or numerically, depending on the form of the relative 
permeability relationship.  However, a discontinuity in this derivative exists at the sharp interface 
between the two fluids, leading to two sets of saturation values existing as possible solutions both behind 
and in front of the interface [17].  The common resolution of this issue in solving the Buckley-Leverett 
equation requires that the position of the sharp front be determined implicitly so that the area under the 
saturation-versus-distance curve ahead of the front equals area under the same curve behind the front 
[18]. 
The implementation of the multiphase semi-analytical model entails mapping of the one-dimensional 
Buckley-Leverett solution onto the analytic element-computed fluid flow field.  This is accomplished by 
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particle tracking, with an encircling set of particles placed in close proximity to the injector as an initial 
condition.  The subsequent progress of the particles under the influence of the imposed fluid fluxes is
tracked using an adaptive linear multistep algorithm to solve the resulting set of coupled ordinary
differential equations for particle position [16, 19].  By employing uniform, fixed-sized time steps of t, 
the fluid saturations given by the Buckley-Leverett equation at a given position in a one-dimensional 
column (implied the product of the uniform fluid velocity and ti, where i is the time-step index number)
can be assigned to the corresponding particle location at ti.
Unlike fluid saturation, particle tracking cannot be used to directly map the pressures implied by the
one-dimensional Buckley-Leverett solution onto the flow field.  Variable fluid composition implies an
effective total fluid permeability (i.e., the sum of the relative permeabilities of each fluid phase at a given 
saturation state) which changes dynamically as a function of both location and time.  Therefore, a
simplified heuristic rule set is applied to obtain a partial, approximate pressure correction for multiphase
flow with respect to the pure single-phase flow equivalent:
1. The maximum injection pressure for the non-aqueous phase proximal to the injection well, 
pna,max, is given by pw,max kr,na* w kr,w-1 an -1, where pw,max is the calculated injection pressure for 
with single-phase (water) at the injection well, and kr,na* the geometric mean relative 
permeability with respect to the non-aqueous fluid phase across the range of saturation values
permitted by the Buckley-Leverett equation solution.
2. The fluid pressure, pna, behind the fluid displacement front is given by pw,i (pna - pw,i)/Ri,max Ri,
where Ri = w/kr,w (S) + an /kr,na (S), an integrated hydraulic resistance term, summed from the
fluid displacement front to the particle location i.  Ri,max is the sum of the all the resistance terms
along the flow path between the fluid displacement front and the injector.
3. Beyond the fluid displacement front, the fluid pressure is simply the single-phase (water) fluid
pressure calculated using the analytical element model.
2.3 Verification
Nordbotten et al. (2005a) [7] developed an analytical solution for the injection of supercritical CO2
into a brine-filled reservoir of uniform thickness and infinite areal extent.  The position of the CO2-water
interface is expressed as function of radial distance, depth, and time, assuming a sharp interface between
the two fluid phases, with the CO2 phase placed above the water phase at all radii. This cylindrical model 
collapses to a radial model via normalizing the vertical thicknesses of the CO2 and brine phases at a given
radial distance, yielding an effective CO2 saturation as a function of radial distance and time.  A
comparison the semi-analytical model and the Nordbotten et al. (2005a) [7] solution (Figure 1) indicates
excellent agreement.
Figure 1: Modeled radial CO2 saturation (t = 4 years; 
kr = S for both fluids; k = 10 mD; Q = 0.04 MT/yr CO2; b
= 20 m; = 0.2; w = 2.5 x 10-4 CO2 = 3.95 x 10-5
-analytical solution of this
study versus the analytical solution proposed by 
Nordbotten et al. (2005a).  The two profiles fully overlap.
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3. Application
The Paleozoic Knox formation, a carbonate reservoir found in the Illinois Basin in the Midwestern 
U.S., is a proposed target for CO2 storage.  To address the issue of potential injection-induced seismicity 
along nearby inferred strike slip faults, a set of Monte Carlo simulations were conducted using the semi-
analytical model to constrain possible values of fluid pressure increases along the faults, given (limited)
geologic data and an assumed CO2 injection flux of 1 MT/yr.  Model results were compared to those
generated by a three-dimensional, multiphase finite difference simulation which posited heterogeneous
distributions of permeability and porosity applicable to carbonate rocks (Figures 2 and 3).  The CO2
saturation and fluid pressure for a baseline case representing mean parameter values from the finite
difference model are shown for comparison on Figure 4.  The 70th percentile value for the permeability
field in each of the finite difference models was used to represent the mean permeability to account for 
the effects of preferential flow pathways connecting the model interior to the fixed pressure boundaries.
For the Monte Carlo realizations, 1,000 individual simulations were generated with the semi-analytical
model, with kx ky a fraction of kx
ranging between 0.2 and 0.1, the orientation of the principal permeability with respect to the x-axis
ranging between 0 and 75 degrees, b ranging between 100 and 600 m, kc chosen from a simple log
uniform distribution (10-5 to 10-1 mD), and bc ranging between 500 and 1,000 m.  A random subset of the
resulting implied fluid pressures along the most proximal fault to the injector as well as in the vicinity of 
the injection well versus permeability are shown on Figure 5.  Cumulative probability distributions for the
full set of modeled fluid pressures (Figure 6) provide an indication of the nature of the uncertainty
associated with these model predictions.  When combined with regional stress tensor data, these results
will allow for more quantitative insights into the overall probability of induced seismicity events.
Figure 2: Probability distribution of permeability (left) and posited porosity-versus-permeability correlation (center) for 
targeted carbonate reservoir in the Illinois Basin in the U.S. (30 km x 30 km section, right). Strike-slip faults are indicated in red,
with injection location shown by yellow star symbol.
4. Conclusions
Application of coupled phenomenological models (e.g., hydrologic-geomechanical-geochemical) to
CO2 storage problems is highly data intensive.  In many instances, it may be suitable to apply less
computationally intensive, semi-analytical approaches that address key pertinent processes.  This strategy
allows for rapid identification of the gross reservoir response characteristics such as the distribution of 
CO2 saturation and the consequent fluid pressures along nearby faults.  The modest computational
demand required by semi-analytical models, and the inherent independence from artificial, imposed
boundary conditions, affords a redirection of computing effort into the consideration of different
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conceptualizations of reservoir attributes (as well as multiple possible injection strategies) greatly 
streamlining the task of performing sensitivity analysis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3: Permeability field realizations (left column), modeled CO2 saturations after 10 years of injection (middle column), and 
the corresponding fluid pressures at the middle depth of the reservoir (right column; white contour line corresponds to 18 MPa), 15 
km x 25 km x 300 m system.  Constant pressure (hydrostatic) boundary conditions exist approximately 30 km in each direction 
beyond the interior model domain depicted in the plots.  Interior domain discretization consists of 60 x 100 x 5 cells in the x-, y-, 
and z-directions.  Vertical exaggeration = 10X. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4:  CO2 saturation (left) and fluid pressure (right) after 10 years of injection, simulated using the semi-analytical model; 
kx = ky = 25 mD,  = 0.1, b = 300 m, bc = 500 m, and kc = 10 D.  White contour line corresponds to 18 MPa; pressure color scale 
ranging from 18 MPa to 26.5 MPa corresponds to the pressure ranges indicated on the right column of Figure 3. 
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Figure 5: Subsets of modeled maximum fluid pressures along the northernmost fault (left) and the near the injection well (right)
versus characteristic permeability, represented by the geometric mean of kx and ky (semi-analytical model) or the 70th percentile
permeability in the heterogeneous fields (finite difference models).
Figure 6:  Probability distributions of modeled maximum fluid pressure at the northernmost fault extension and fluid pressure in 
the vicinity of the injection well.
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